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Motivated by recent progresses on ultracold alkaline-earth atoms towards the goal of simulating
Kondo physics, in this work we exactly solve the few-body problem of one and two trapped fermions
in one dimension interacting with a localized impurity under tunable spin-exchange interaction.
It is found that depending on the sign of the spin-exchange coupling, ferromagnetic(FM) or anti-
ferromagnetic(AFM), the attractive and repulsive branches can hold different magnetic structures.
We demonstrate the Kondo screening effect for the attractive branch of three-body system with
the AFM coupling, and show that such screening is absent for the ground state with FM coupling.
Moreover, we find a sequence of FM upper branches in the AFM coupling side. These FM states
are orthogonal to all other attractive branches and their wave functions feature a full spin-charge
separation. The effect of an additional contact interaction and the extension of our results to many
particles are also discussed. This work reveals the intriguing physics uniquely associated with the
spin-exchange interaction in the few-body point of view, which are promisingly to be explored in
the experiment of ultracold alkaline-earth atoms.
I. INTRODUCTION
Recent progresses on ultracold alkaline-earth atoms
have opened the door for simulating Kondo physics[1].
In these two-electron atoms, the metastable excited
state 3P0 as well as the ground state
1S0 comprise
the two-orbital system, and the high nuclear spin of
these atoms serves as the spin degree of freedom. The
spin-exchange interaction between different orbitals, as
a crucial ingredient for Kondo physics, has been con-
firmed experimentally[2–7]. The bare spin-exchange in-
teraction is found to be ferromagnetic for 173Yb[2–5]
and 87Sr[6], and antiferromagnetic for 171Yb[7]. Us-
ing the confinement-induced resonance, the strength of
spin-exchange interaction can be conveniently tuned in
the low dimensions, as successfully demonstrated both
theoretically[8–13] and experimentally[14]. Furthermore,
the Kondo model requires a local impurity, which can be
implemented in alkaline-earth atoms by using a proper
laser wavelength to selectively confine 3P0 state while
let 1S0 state free[15]. All these developments make the
quantum simulation of Kondo physics quite promising in
ultracold atomic systems.
Motivated by these developments, in this work we
exactly solve the problems of a few fermions in one-
dimension (1D) interacting with a local impurity un-
der the spin-exchange interaction. Specifically, we con-
sider the isotropic Heisenberg coupling between fermions
and the impurity with a tunable coupling strength J .
Previously, the 1D Kondo model describing the contin-
uum fermions and a localized impurity was exactly solved
by Bethe-ansatz method assuming a linear dispersion of
∗ xlcui@iphy.ac.cn
fermions(k ∝ k)[16], which is thus expected to be ap-
plicable in weak coupling limit. Here, we obtain the ex-
act solutions of a few fermions in a 1D harmonic trap
interacting with a local impurity for an arbitrary cou-
pling strength J . It is found that depending on the sign
of J , namely, J < 0 for ferromagnetic(FM) coupling or
J > 0 for anti-ferromagnetic(AFM) coupling, the attrac-
tive and repulsive branches of the system can hold dif-
ferent magnetic structures. For the attractive branches
of three-body system, we demonstrate the Kondo screen-
ing effect under the AFM coupling, and show that such
screening does not apply to the case of FM coupling.
Moreover, we find a sequence of FM upper branches in
the AFM coupling side, which are orthogonal to all other
attractive branches and feature a full spin-charge sepa-
ration. All these features are closely related to the spin-
exchange nature of the interaction potential, and thus
are very different from those under a pure contact inter-
action. The effect of an additional contact interaction
and the extension of our results to many particles are
also discussed in this work.
The rest of the paper is organized as follows. In sec-
tion II, we present the formulism of exactly solving one
and two fermions interacting with the impurity through
the spin-exchange coupling. The results of two-body and
three-body problem, as well as the extension to many
particles are presented in section III. In section IV, we
discuss the effect of an additional contact potential. Fi-
nally, we conclude our work in section V.
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2II. EXACT FORMALISM OF FEW-BODY
PROBLEM WITH SPIN-EXCHANGE
INTERACTION
A. Model
We consider the 1D harmonically trapped spin-1/2
fermions interacting with a local spin impurity (sitting
at the trap center) with a spin-exchange coupling, which
is described by Hamiltonian (~ = 1 throughout the pa-
per):
H = H0 + U, (1)
H0 =
N∑
i=1
(
− 1
2m
∂2
∂x2i
+
mω2
2
x2i
)
; (2)
U = 2J
N∑
i=1
δ(xi)Si · S (3)
Here xi is the coordinate of the i-th fermion; Si =
(Six, Siy, Siz) and S = (Sx, Sy, Sz) are the spin opera-
tors for, respectively, the i-th fermion and the impurity.
We rewrite (1) in the second quantized form:
H =
∑
mσ
EmC
†
mσCmσ +
∑
m,n
Vmn(C
†
m↑Cn↓S− + h.c.
+ (C†m↑Cn↑ − C†m↓Cn↓)Sz)
(4)
Here C†mσ is the creation operator of a spin-σ(=↑, ↓)
fermion at the m-th harmonic oscillator level with en-
ergy Em = (m +
1
2 )ω; Vmn = Jφm(0)φn(0) is the cou-
pling matrix element, with φm(x) the eigenstate of the
m-th harmonic oscillator level. The spin-exchange pro-
cess is governed by the first two terms in the bracket of
(4). Denoting ⇑ and ⇓ as the two spin states of the im-
purity, we then have S+ = | ⇑〉〈⇓ |, S− = | ⇓〉〈⇑ | , and
Sz = (| ⇑〉〈⇑ | − | ⇓〉〈⇓ |)/2.
Next, we will present the formulism of exactly solving
the two-body (one fermion plus the impurity) and the
three-body (two fermions plus the impurity) problems.
B. Two-body solution
Because the Hamiltonian (4) preserves the spin-
rotational symmetry, the two-body eigenstate can be
classified into two cases with respect to the total spin
Stot: one is spin triplet with Stot = 1, the other is spin
singlet with Stot = 0. We then have the effective inter-
action for each spin channel:
Us,t(x1) = γs,tδ(x1) (5)
with effective coupling strengths γs =
−3J
2 and γt =
J
2 ,
respectively, for spin-singlet and spin-triplet channels.
To see the spin classification more clearly, we write
down a general two-body ansatz in total zero magnetiza-
tion (Stot,z = 0) subspace:
|Ψ〉2 =
∑
m
(
φ1mC
†
m↑|0〉 ⇓ +φ2mC†m↓|0〉 ⇑
)
(6)
By imposing the Schrodinger equation H|Ψ〉2 = E|Ψ〉2,
we arrive at the following coupled equations:
(E − Em)φ1m =
∑
p
(Vmpφ
2
p −
1
2
Vmpφ
1
p)
(E − Em)φ2m =
∑
p
(Vmpφ
1
p −
1
2
Vmpφ
2
p)
(7)
We can see that above equations support two types of
solutions. One is
φ1m = φ
2
m ∝
φm(0)
E − Em , (8)
which represents a spin triplet, and the energy E(= Et)
can be obtained from
1
γt
=
∑
m
|φm(0)|2
Et − Em . (9)
The other is spin singlet solution with
φ1m = −φ2m ∝
φm(0)
Es − Em , (10)
and the energy E(= Es) follows:
1
γs
=
∑
m
|φm(0)|2
Es − Em . (11)
Eqs.(9,11) can be further simplified as
− 2
√
pi
κs,t
= B(−ρs,t
2
,
1
2
) (12)
with κs,t ≡ γs,t
√
m/ω, ρs,t ≡ Es,t/ω − 1/2 and B(x, y)
is the beta function.
C. Three-body solution
For a three-body system consisting of two fermions and
the impurity, we can have the total spin Stot = 3/2 or
Stot = 1/2. Considering the general case with total mag-
netization Stot,z = 1/2, we can write down the following
three-body ansatz:
|Ψ〉3 =
∑
mn
(
φ1mnC
†
m↑C
†
n↑ |0〉 ⇓ +φ2mnC†m↑C†n↓ |0〉 ⇑
)
(13)
Here we should take care of the anti-symmetry property
of φ1mn , i.e., φ
1
mn = −φ1nm. Again by imposing the
Schrodinger equation, we obtain the following coupled
equations:
3φ1mn =
1
E − Em − En ·
1
2
·
∑
p
−Vmpφ2np + Vnpφ2mp + Vnpφ1pm − Vmpφ1pn
φ2mn =
1
E − Em − En
∑
p
Vnpφ
1
mp − Vnpφ1pm +
1
2
Vmpφ
2
pn −
1
2
Vnpφ
2
mp
(14)
To solve these coupled equations, we introduce three se-
ries of variables F 1m, F
2
m, F
3
m :
F 1n ≡
∑
p
φp(0)φ
1
np
F 2n ≡
∑
p
φp(0)φ
2
np
F 3n ≡ −
∑
p
φp(0)φ
2
pn
(15)
Then we can multiply both sides of (14) by φm(0) and
sum overm to obtain the coupled equations of F im. To see
more clearly the physical meaning of the variables in (15),
we can alternatively perform a linear transformation of
them to a different set of variables:
F˜ 1n = −
3
2
F 1n +
3
4
F 2n
F˜ 2n =
1
2
F 1n +
1
4
F 2n
F˜ 3n =
1
2
F 3n
(16)
Then we find that {F˜ i=1,2,3} are exactly the atom-dimer
amplitudes in the three-body wave function:
|Ψ〉3 =
∑
m
F˜ 1m |m ↑〉
∣∣d00m〉+ F˜ 2m |m ↑〉 ∣∣d10m〉+ F˜ 3m |m ↓〉 ∣∣d11m〉
(17)
with the dimer states:∣∣d11m〉 = ∑
p
φp(0)
E − Em − Ep |p ↑〉 ⇑;∣∣d10m〉 = ∑
p
φp(0)
E − Em − Ep
|p ↑〉 ⇓ + |p ↓〉 ⇑√
2
;
∣∣d00m〉 = ∑
p
φp(0)
E − Em − Ep
|p ↑〉 ⇓ − |p ↓〉 ⇑√
2
.
Denoting F˜ i ≡ (F˜ i0, F˜ i1, ...)T , finally we arrive at the
following matrix equation from (14): 14 (e− 2q)3 34e −34 e− 14e − 14 (e− 2q) − 14e
1
2e − 12e 12q
 F˜ 1F˜ 2
F˜ 3
 = 1
J
 F˜ 1F˜ 2
F˜ 3

(18)
where e and q are all matrixes with elements emn =
φm(0)φn(0)
E−Em−En and qmn = δmn
∑
p
|φp(0)|2
E−Em−Ep . The q-matrix
is due to the interaction between one fermion and the
impurity (forming a dimer), while e-matrix is due to in-
teraction between the dimer and the other fermion. In
practical simulation, we find convergent results can be
reached with cutoff Nc = 100 for the element indices of
e- and q-matrixes. Accordingly, (18) is a 3Nc × 3Nc ma-
trix.
III. RESULTS
In this section, we present the results of two-body and
three-body problems based on the formalism shown in
previous section. Given the even parity of interaction
potential (x ↔ −x), we only present the few-body re-
sults associated with even-parity wave functions but ne-
glect the odd-parity ones which are not affected by the
interaction.
A. Two-body
In Fig.1, we show the energy spectra for both spin-
triplet (Et) and spin-singlet (Es) states, obtained by solv-
ing, respectively, (9) and (11).
1/J
E
FIG. 1. (Color online). Energy spectrum of one fermion and
one impurity in Stot,z = 0 subspace. The blue dashed (red
dotted) lines show Et (Es) for spin-triplet (singlet) eigen-
states. The black solid line shows the asymptotic fitting to
(19) in strong coupling limit. Here the units of E and J are
respectively ω and
√
ω/m.
For the spin-singlet (AFM) case, as the effective cou-
pling is given by γs = −3J/2, therefore the bound states
will be supported at J > 0. As shown in Fig.1, as increas-
ing J from zero to ∞, the singlet dimer becomes deeper
4and deeper, and the energy approaches Es → −9J2/8
in large J limit. This is the so-called lower attractive
branches. Meanwhile, we also see another sequence of
eigenstates with energies approaching finite values when
J → ∞. These branches are well above the attractive
branch in the spectrum, therefore called the repulsive
upper branches. For these types of branches, one can
carry out an effective perturbation theory in terms of
small value 1/J → 0. As shown in Appendix A 1, the
n-th upper branch energy approaches
Es,n ' (2n+ 1)ω −
φ
′
2n+1(0)
2
m2γs
, (19)
here φ′n = dφn(x)/dx is the first derivative of single-
particle state φn. Accordingly, the zero-th order wave
function is[18]:
|Ψ〉s,n = φ2n+1(x)sgn(x) |↑⇓ − ↓⇑〉 , (20)
with the sign function sgn(x) = 1 (−1) for x > 0 (< 0).
For the spin-triplet (FM) state, the analysis is similar,
except now the effective coupling is γt = J/2. Therefore
the spin-triplet bound state is supported at J < 0 side,
with the binding energy approaches Et → −J2/8 in large
|J | limit. The asymptotic behavior of upper branches
follows the form of (19) by replacing Es, γs with Et, γt.
The according zero-th order wave function follows the
spin-charge separation form of (20) with the spin part
replaced by |↑⇓ + ↓⇑〉.
One thus can summarize that for the two-body prob-
lem, once considering the effective coupling for each spin
channel, the resulted spectrum is quite similar to the
case of a pure contact potential, as solved originally by
T. Busch et al[17]. However, for the three-body problem,
we will show below that the resulted spectrum is very
rich due to the spin-exchange interaction, which is very
different from the case of a pure contact potential.
B. Three-body
In Fig.2, we show the energy spectrum of three-body
system in the Stot,z = 1/2 subspace. In particular, we
mark the FM state (Stot = 3/2) with red colors, and the
rest are all with Stot = 1/2.
Compared to the three-body system with a contact in-
teraction, we can see from Fig.2 that the current system
with spin-exchange interaction displays very rich spec-
trum. Here we would like to highlight three properties
that are uniquely associated with the spin-exchange in-
teraction.
First, many branches of bound states appear in both
J > 0 and J < 0 sides(see 2(a)), which are respectively
associated with the AFM and FM bound states. For
large and positive J , the energies of three-body bound
states are dominated by the AFM dimer (composed by
the impurity and one fermion, with energy ∼ −9J2/8),
and the residue interaction between the dimer and the
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FIG. 2. (Color online).(a) Energy spectrum of two fermions
and one impurity in Stot,z = 0 subspace. The FM states
with Stot = 3/2 are highlighted by red color, and the rest are
all with total spin Stot = 1/2. (b1) Energies of deep bound
states for large and positive J , shifted by the AFM dimer
energy −9J2/8. All shifted energies saturate to a finite value,
signifying the Kondo screening effect (see text).(b2) Energies
of deep bound states for large and negative J , shifted by the
FM dimer energy −J2/8. The lowest bound state does not
saturate as in (b1), showing the absence of screening effect
for FM coupling. (c1,2) show zoomed shaded region in (b1,2)
illustrating the asymptotic behavior towards odd harmonic
levels. The units of E and J are respectively ω and
√
ω/m.
other fermion only contributes constant energies (e.g.,
1.5ω, 3.5ω..., see Fig.2(b1,c1)), which are much smaller
than the dimer binding energy. Therefore, the impu-
rity appears to be nearly screened through the formation
of AFM dimer with the first fermion, which cannot fur-
ther attract the other fermion. This resembles the Kondo
screening effect in metals, where the magnetic spin of the
localized impurity is screened by forming a spin singlet
with conduction electrons[19]. On the contrary, the low-
est bound state in J < 0 side is not simply dominated by
a single FM dimer; rather, the impurity can attract both
fermions to produce a deep trimer with binding energy
E3 ≈ −0.1395J2(< Et = −J2/8), see Fig.2(b2)). This
means that the impurity cannot be screened by forming a
FM dimer with a fermion, opposite to the AFM coupling
case. This is because the FM dimer is magnetic, and the
other fermion can still interact with this dimer to form an
5even deeply bound trimer as ground state. The situation
is different for the higher excited branches. As shown in
Fig.2(c2), the energies of these excited branches are still
dominated by the FM dimer energy.
Second, a sequence of full FM states(with spin Stot =
3/2) can be found in upper branches of the AFM coupling
(J > 0) side, as marked by red color in the spectrum in
Fig.2(a). Since the attractive branches in J > 0 side are
all associated with a spin-singlet dimer, which thus have
total spin Stot = 1/2, they are all orthogonal to the FM
branches. Therefore, once an initial state is prepared in
the FM branch, it will always stay on this branch due to
zero-coupling with other branches. Another interesting
feature of these FM branches is that their wave functions
all feature a full spin-charge separation. This is because
in a full FM state, any two particles will form a triplet
pair. Therefore, the interaction potential can be simpli-
fied as Ut(xi) = γtδ(xi), which is only relevant to the
charge part. As a result, one can construct the FM wave
function of three-body system as:
Ψ3,FM (x1, x2) =
∣∣∣∣ ψ1(x1) ψ1(x2)ψ2(x1) ψ2(x2)
∣∣∣∣ (| ↑↓⇑〉+ | ↓↑⇑〉+ | ↑↑⇓〉) ,
(21)
where ψ1,2 is any of the triplet eigenstates for two-body
system (one fermion plus the impurity), and the spin part
is a full FM state. One can see clearly this wave function
is an eigen-state of the Hamiltonian of three-body sys-
tem, with eigen-energy E = E1 + E2 (E1,2 is the eigen-
energy of ψ1,2 for two-body system). Note that these
FM branches should be distinguished from those in the
pure contact interaction case[20], where the FM states
do not feel any s-wave interaction and the energy are
always static as changing coupling strength. The asymp-
totic expansion of the energies of FM states and the other
branches will be presented in Appendix A 2.
Third, in the weak coupling limit J → 0±, we see that
the ground state energy of the three-body system ex-
hibits a quadratic scaling as E(J) ∼ −cJ2, instead of a
linear one in the case of contact potential. This is be-
cause in the non-interaction limit, the two fermions form
a spin singlet with the same orbital wave function (at the
lowest harmonic oscillator level). It then follows that the
expectation value of the spin-exchange interaction in this
state is zero. This means that there is no mean-field con-
tribution to the interaction energy, and the lowest level
of energy correction comes from the second-order process
(leading to E ∝ J2), which involves excitations to higher
orbitals (or higher harmonic oscillator levels). Note that
this is different from the two-body case, where there is
only one fermion and the mean-field contribution does ex-
ist and give the energy linearly depending on J in weak
coupling limit.
We would like to remark here that the three features
discussed above, including the Kondo screening effect,
the FM upper branches, and the quadratic energy scal-
ing, are all closely related to the spin-exchange nature
of the interaction, which cannot exist in the system with
pure contact interaction. These features can be general-
ized to many-fermion system as discussed below.
C. Extension to many-body
The two- and three-body solutions have provided us an
important insight to the properties of many-body system,
where many spin-1/2 fermions (with number N) interact
with a localized impurity with spin-exchange coupling J .
These properties include:
First, the Kondo screening effect is expected to be ap-
plicable to the bound states in the AFM coupling(J > 0)
side, which tells that the impurity is essentially screened
by forming a singlet dimer with one fermion (at the Fermi
surface). Indeed, we note that in literature, a simple vari-
ational ansatz, which assumed an AFM dimer and an per-
turbed Fermi sea, was employed to estimate the Kondo
temperature in metals[19]. On the other hand, our three-
body calculation also suggests a finite residue interaction
energy between the rest fermions and the dimer, so they
are not completely independent. How this residue inter-
action affects the Fermi sea atoms and the Kondo physics
surely needs further investigation, which are beyond the
scope of this work.
Second, a sequence of FM upper branches with to-
tal spin Stot = (N + 1)/2 should exist in the AFM
coupling(J > 0) side, which are orthogonal to all other
branches in this regime. The wave functions of FM states
feature a full spin-charge separation:
ΨN+1,FM (x1, x2, ...xN ) =
∣∣∣∣∣∣∣
ψ1(x1) ψ1(x2) ... ψ1(xN )
ψ2(x1) ψ2(x2) ... ψ1(xN )
... ... ... ...
ψN (x1) ψN (x2) ... ψN (xN )
∣∣∣∣∣∣∣ |FM〉 ,
(22)
where ψi is a triplet eigenstate for two-body system with
eigen-energy Ei, and |FM〉 is the FM spin state with
Stot = (N + 1)/2 and a specific Sz. The total energy of
ΨN+1,FM is E =
∑N
i=1Ei.
Third, the coupling dependence of ground state en-
ergy in the weak coupling limit J → 0± will depend on
whether the fermion number N is even or odd. When
N is even, then in non-interacting limit the fermions are
composed of N/2 pairs of spin singlet, and there is no
mean-field contribution because the expectation value of
the spin-exchange interaction in this state is zero. In this
case, E scales quadratically as E(J) ∼ J2. When N is
odd, then the single fermion at the Fermi surface will con-
tribute to the mean-field energy as E(J) ∼ J . However,
in the thermodynamic limit (N → ∞), the energy per
particle E/N will be dominated by quadratic term ∼ J2
in J → 0 regime regardless of even or odd N , because the
coefficient of linear dependence (for odd N) approaches
zero when divided by N . This is different from the pure
contact interaction case, where the energy per particle is
always dominated by the mean-field contribution (∼ J)
in weak coupling regime.
6IV. EFFECT OF AN ADDITIONAL CONTACT
INTERACTION
In this section, we discuss the effect of an additional
contact interaction between fermion and the impurity,
U(x) = Uδ(x). The full Hamiltonian then reads
Hˆ =
∑
mσ
EmC
†
mσCmσ +
∑
m,n
Vmn(C
†
m↑Cn↓S
− + h.c.
+ (C†m↑Cn↑ − C†m↓Cn↓)Sz) + Umn(C†m↑Cn↑ + C†m↓Cn↓)
(23)
with Umn = Uφm(0)φn(0).
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FIG. 3. (Color online). Energy spectrum of two fermions and
one impurity with spin exchange interaction and an additional
contact interaction. We take three U
J
= −0.4,−0.5,−0.6,
respectively, in (a), (b) and (c). The units of E and J are
respectively ω and
√
ω/m.
The effect of contact interaction can be seen clearly
from the two-body problem, where the effective interac-
tions in the singlet and triplet channels are respectively
given by
γs = −3J/2 + U, γt = J/2 + U. (24)
Therefore, the AFM bound states are supported at J >
2U/3 (γs < 0), and the FM bound states are supported
at J < −2U (γt < 0).
The three-body bound states also have similar prop-
erties, in that the presence of contact U will change
the parameter regime to support AFM or FM bound
states. The formalism of solving three-body problem
based on the Hamiltonian (23) is given in Appendix B.
In Fig.3 we show the spectrum for three typical val-
ues of U/J . One can see that as changing U/J across
−0.5, the original bound states in J < 0 regime grad-
ually vanish since the effective FM coupling strength γt
changes from negative to positive. Similarly, we expect
the vanishing of AFM bound states (originally in J > 0
regime) will occur when increasing the contact interac-
tion to U > 3J/2. Our results may be probed in quasi-1D
alkali-earth atoms, where the ratio U/J can be conve-
niently tuned from negative to positive across resonance
by using the confinement-induced resonance[8].
V. CONCLUSION
In this work, we have exactly solved few-body problem
of one and two fermions in a 1D harmonic trap interacting
with a local impurity for an arbitrary spin-exchange cou-
pling strength J . It is found that the spin-exchange inter-
action can lead to a number of unique phenomena that
cannot be achieved by pure contact interaction. These
phenomena include the Kondo screening effect, the full
FM upper branches in the AFM coupling regime, and
the quadratic energy scaling in the weak coupling regime.
These unique properties can be extended to many-body
system with spin-exchange interaction. Moreover, we
also discuss the effect of an additional contact interac-
tion, which effectively changes the parameter regime to
support bound states with different magnetic structures.
These unique features of spin-exchange interaction may
be explored in future experiments of ultracold alkaline-
earth atoms.
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7Appendix A: Asymptotic energy expansion in strong
coupling limit
1. Two-body
In the strong coupling regime, the energies of upper-
branch two-body states take the form of:
Em ' (2m+ 1)ω − Am
γ
, (A1)
where m is the level index, γ is the effective coupling in
the spin-singlet or triplet channel, and coefficient Am can
be calculated as:
Am = lim
γ→∞−
∂E(γ)
∂ 1γ
= lim
γ→∞
∫
dxγψγ(x)δ(x)γψγ(x)
= lim
γ→∞ γψγ(0) · γψγ(0).
(A2)
By using the boundary condition γψγ(0) =
ψ′γ(0)
m , we can
arrive at the expansion form of Eq.(19) in the main text.
2. Three-body
We take the eigen-states saturating at E = 5ω for
example. In Fig.2, we see that there are three upper
branches saturating at E = 5ω as |J | → ∞. It can be
shown that these upper branches can be divided into two
classes. The first class of upper branch has coupling with
the attractive lower branches, and therefore there will be
an avoided level crossing when they meet in the spec-
trum. The second class of upper branch is orthogonal to
all attractive lower branches, which leads to a direct level
crossing when they meet.
From the knowledge of two-body spectrum, the lowest
two-body eigen-energies for the upper branches areE =
1.5, 3.5ω in the strong coupling regime |J | = ∞. When
adding one more fermion, the strong fermion-impurity
interaction requires the boundary condition :
ψ(x1σ1, x2σ2) = 0 if xi = 0 (A3)
Combining with fermion exchange anti-symmetry, we
construct the following wave functions for three degener-
ate eigen-states:
|ψ〉1deg =
1√
2
(ψ1(x1)ψ3(x2)− ψ3(x1)ψ1(x2)) |↑↑⇓〉
|ψ〉2deg =
1√
2
ψ1(x1)ψ3(x2) |↑↓⇑〉 − 1√
2
ψ3(x1)ψ1(x2) |↓↑⇑〉
|ψ〉3deg =
1√
2
ψ1(x1)ψ3(x2) |↓↑⇑〉 − 1√
2
ψ3(x1)ψ1(x2) |↑↓⇑〉
(A4)
with ψn(x) = φn(x) · sign(x) , where φn(x) is nth-
eigenfunction of harmonic trap.
For large but finite coupling (1/J 6= 0), the above de-
generacy will be lifted and the three energy levels split
as:
Em(J) = E0 − κm
J
with m = 1, 2, 3 (A5)
Accordingly, the zero-th order eigenstates can be a linear
combination of
∣∣∣ψmdeg〉 as:
|ψm∞〉 =
∑
n
amn
∣∣ψndeg〉 , (A6)
which can be reorganized as
|ψmJ 〉 = ψmJ1 |↑↑⇓〉+ ψmJ2 |↑↓⇑〉+ ψmJ3 |↓↑⇑〉 ≡
 ψmJ1ψmJ2
ψmJ3

(A7)
Eqs.(A6,A7) determine the relation between {ψmJn} and
{amn}.
From the definition in Eq.(A5), we have
κmδmn = lim
J→∞
〈ψmJ |
∂Hˆ
∂(−1J )
|ψnJ 〉
= lim
J→∞
〈ψmJ | 2J2(δ(x1)Sˆ1 · Sˆ0 + δ(x2)Sˆ2 · Sˆ0) |ψnJ 〉
= lim
J→∞
∫
dx2Ψ
m†
J (0, x2)2J
2Sˆ1 · Sˆ0ΨnJ(0, x2)
+
∫
dx1Ψ
m†
J (x1, 0)2J
2Sˆ2 · Sˆ0ΨnJ(x1, 0)
(A8)
Given the Schrodinger equaiton Hˆ |ψmJ 〉 =
Em(J) |ψmJ 〉, we can integrate over x1, x2 separately and
get the boundary conditions as:
~2
2m
∂x1Ψ
m
J (x1, x2)|x1=0
+
x1=0−
= 2JSˆ1 · Sˆ0ΨmJ (0, x2)
~2
2m
∂x2Ψ
m
J (x1, x2)|x2=0
+
x2=0−
= 2JSˆ2 · Sˆ0ΨmJ (x1, 0)
(A9)
Use above boundary conditions we can simplify (A8) as:
8κmδmn = (
~2
2m
)2
∫
dx2∂x1Ψ
m†
∞ (x1, x2)|x1=0
+
x1=0−
1
2Sˆ1 · Sˆ0
∂x1Ψ
n
∞(x1, x2)|x1=0
+
x1=0−
+ (
~2
2m
)2
∫
dx1∂x2Ψ
m†
∞ (x1, x2)|x2=0
+
x2=0−
1
2Sˆ1 · Sˆ0
∂x2Ψ
n
∞(x1, x2)|x2=0
+
x2=0−
= (am1, am2, am3)
∫
dx
 4(B−A)
2
3
8B(B−A)
3
8A(A−B)
3
8B(B−A)
3 4A
2 + 4B
2
3 − 16AB3
8A(A−B)
3 − 16AB3 4A
2
3 + 4B
2

 an1an2
an3

=
1√
pi
(am1, am2, am3)
 103 4 834 6 0
8
3 0
22
3
 an1an2
an3

(A10)
where we have the notions A = 1√
2
φ′1(0)ψ3(x), B =
1√
2
φ′3(0)ψ1(x), and in the last step we have used∫
dxA2 = 1√
pi
,
∫
dxB2 = 3
2
√
pi
and
∫
dxAB = 0.
Finally we diagonalize the matrix and obtain the eigen
vector of amn(without normalization temporarily) :
 11
1
 ,
 12 (√7− 3)1
2
(
1−√7)
1
 ,
 12 (−√7− 3)1
2
(√
7 + 1
)
1
 (A11)
Note that the first state is the full FM state. The corre-
sponding coefficients for the three states are:
κm =
10√
pi
,
2
3
√
pi
(
2
√
7 + 5
)
,
2
3
√
pi
(
5− 2
√
7
)
(A12)
We have checked that the coefficients are consistent with
our numerical fitting of energy spectrum in strong cou-
pling regime.
Appendix B: Formulism of three-body problem with
an additional contract interaction
After adding the contact interaction term Uδ(x),
Eq.(14) in the main text then changes to :
φ1mn =
1
E − Em − En ·
1
2
·
∑
p
−Vmpφ2np + Vnpφ2mp + Vnpφ1pm − Vmpφ1pn + 2Umpφ1pn − 2Unpφ1pm
φ2mn =
1
E − Em − En
∑
p
Vnpφ
1
mp − Vnpφ1pm +
1
2
Vmpφ
2
pn −
1
2
Vnpφ
2
mp + Umpφ
2
pn + Unpφ
2
mp
(B1)
With the same definition of F˜ i in the main text, we ob- tain the following matrix equaiton:

1
4 (e− 2q)(3− 2UJ ) 34e(1 + 2UJ ) 14 (−3)e(1 + 2UJ )
e
(
U
J
6 − 14
)
− 14 (e− 2q)(1 + 2UJ ) − 14e(1 + 2UJ )
1
6e(3− 2UJ ) − 12e(1 + 2UJ ) 12q(1 + 2UJ )

 F˜ 1F˜ 2
F˜ 3
 = 1
J
 F˜ 1F˜ 2
F˜ 3
 (B2)
with Umn = Uφmφn, which can be diagonalized to obtain the spectrum for various ratios
U
J .
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